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Ordinary Dichotomy and Perturbations of the Impulse
Matrices of Linear Impulsive Differential Equation
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It is proved that the ordinary dichotomy is preserved under perturbations of the
impulse matrices of linear impulsive differential equations.

1. INTRODUCTION

Recently the dichotomies for ordinary differential equations have been
investigated by many authors (Coppel, 1978; Elaydi and Hajek, 1985, 1987,
1988, and to appear; Palmer, 1977, 1979a,b, 19824,b, 1984a,b, 1987 a,b, 1988,
Sacker and Sell, 1974, 19764a,b, 1978). In Milev and Bainov (to appear) we
first studied the dichotomies for linear impulsive differential equations. In
the present paper we consider one of the important properties of the ordinary
dichotomy for impulsive differential equations, namely that it is preserved
under perturbations of the impulse matrices.

2. PRELIMINARY NOTES

Let tp<t;<---<t;<---,limt,=00 as i>00, be a given sequence of
real numbers. Consider the linear differential equation with impulses at
fixed times

—=A(t)x, t# L

(1)
x(t;+0) = Bx(t;), i=1,2,...

where the (nxn) coefficient matrix A(¢) is piecewise continuous in the

interval [t,, +o0) with points of discontinuity of the first kind at ¢t =1¢ and
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the impulse matrices B;,i=1,2,..., are constant. The underlying vector
space E is R” or C".

Remark 1. For te[t,+0, t,,,] the fundamental matrix X (¢) of equation
(1) admits the representation

X =UOU(+0)BU()U ' (t;-,+0)Biy ... BLU(t) U (1)

where U(t) is the fundamental matrix of the equation dx/dt = A(¢t)x. The
matrix X (¢) is continuously differentiable for ¢ # ; with points of discon-
tinuity of the first kind at t =1, ie., X(f;,+0) = B;X(¢;). The fundamental
matrix X (¢) is invertible if and only if the impulse matrices B;,i=1,2,...,
are nonsingular.

Together with equation (1), consider its perturbed equation obtained
by a perturbation of the impulse matrices

dx
7o A(t)x, t#t @)

x(t+0)=(B,+B)x(t), i=1,2,...

where the matrices B:, i=1,2,..., are constant.
Let 7, be a fixed real number, 7o=1¢,.

Definition 1 (Milev and Bainov, to appear). The subspace Y of the
underlying vector space E induces an ordinary dichotomy of the solutions
of equation (1) on the interval [ 7y, +00) if for some subspace Z supplemen-
tary to Y there exists a constant N such that all solutions x, y, z of equation
(1) with x=y+2z, y(7) € Y, and z(7,) € Z satisfy the conditions

< NJx(s)| for t=s=1
ly ()| [x(s)| or s=7 )

[z(£)| = N|x(s)| for s=t=r1,

When the fundamental matrix X(¢) is invertible, Definition 1 can be
written as follows:

The subspace Y of the underlying vector space E induces an ordinary
dichotomy of the solutions of equation (1) on the interval [, +00) if for
some projector P (P?>= P) with range R(P) =Y (the kernel of P coincides
with Z) there exists a constant N such that

I X ()X (1) PX (1) X '(s)|= N for t=s=r,
X(OX ()T -P)X (1) X (s)]=sN  for s=t=m,

where I stands for the unit matrix.
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Definition 2. Let P (P*= P) be a projector. The function

X()PX7'(s) fort=s=1t,

G(s, S)={X(t)(p_1)xvl(s) fors>t=t,

will be called the Green’s function for equation (1).
We shall use the following properties of the Green’s function, which
can be verified immediately:

Gt
Q—T(t’—s—)=A(t)G(t, s), I#s (5)
G(t,+0, 1) = B;G(1,1), t#t, i=1,2,... (6)
G(1,+0, t;+0)= B,G(t;, t; +0) + I, i=1,2,... (7

3. MAIN RESULTS

Theorem 1. Let the impulse matrices B;,i=1,2,..., of equation (1)
be nonsingular and let the subspace Y induce an ordinary dichotomy of
the solutions of equation (1) on the interval [t,, +©) with a projector P
and constant N. If

1

SNeN+1D (8)

'21 lﬁxl =K
then the perturbed equation (2) also has an ordinary dichotomy on the
interval [t,, +00).

Proof, Let X () be the fundamental matrix of equation (1) for which
X (t,) = I. The bounded solutions y(t) of equation (2) are just the bounded
solutions of the equation

YO =X(On+ T Gl 5 +0By(),  neY ©)

j=

since for t# t;, dy(t)/dt = A(t)y(t) and for t =1,

y(+0)=X(+0)n+ ¥ G(1+0, ;+0)By(1)
j=1

=B, X(t)n+ ¥ BG(t, tj+0)§jy(tj)+§iy(ti)
=1

Jj=

= (Bi+§i)y(ti)
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Denote by H the Banach space of all bounded, piecewise-continuous,
vector-valued functions y(t) in the interval [y, +o0) with points of discon-
tinuity of the first kind at t =¢;, y(t;) = y(t,—0),i=1, 2, ..., and with a norm

[yl =supi=s, [¥(1)].
The linear operator

Ly() =3 G(t,4,+0)By(t)

j=

maps H into itself since
ILy(Dl= T 1G(1, 5+0)||B/Iy(1)|= NK|)y|
j=1

This implies that |L|=< NK <1 and by the contraction principle, equation
(9) for any n e Y has exactly one solution y € H which depends linearly
on 7, i.e., y(r)= F(t)n, where F(t) is a bounded matrix. By (9)

y=X(t)n+Ly(t)=X(t)PX"'(to)n+ Ly(r)
since X(t,) =1 and Pn = 7. Hence
|71 = Nin|+I|L||y]| = Nin|+ NK | y|

ie.,

Iyl= [n| and  |F(1)|<

1- NK 1-NK

Let ¥ be a subspace of E consisting of the initial values y(,) of the
bounded solutions of equation (2),

y(t)=n+Y Glty, ;+0)By(1)
j=1

—n—(I-P) T X 5+0)BF(1)

=(I-(I-P)QP)7

where

Q=(I-P) § X (4 +0)B,F(1;)P

J=

Q=N K-

N
|P
1-NK 1P
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Hence the operator I —(I—P)QP maps the subspace Y onto Y. This
operator has a bounded inverse on I+ (I — P)QP. The operator

P=(I-(I-P)QP)P(I-(I-P)QP) '=P~(I-P)QP

is a projector with range R(P)= }~’.~ The supplementary projector I — P =
(I~ P)(I+QP) has a range R(]-P)=2Z .

First we shall estimate the solutions starting from Y. Let s [, +0, ;]
By (9)

oo}

n=X"'(s)y(s)=X"'(s) Zl G(s, 4;+0)By(1)

j=

=X"1(s)y(s)- é‘,l PX_‘(tj+0)I§jy(tj)
— Y (P-DX5+0)By(r)

j=k+1
k
=PX 7 '(s)y(s)— ¥ PX '(1;+0)By(t;)
j=1
ie.,

Y0 =X+ Gt 1 +0)B(1)

=X(OPX()y()+ ¥ Gl 4+0)By(s)

Hence for t=s,
POI=NBOIN Y 1Bl
j=k+1

Let us fix s and set N|y(s)|=a. The cone of the nonnegative piecewise
continuous functions () =|y(t)] is invariant with respect to the linear
operator

To()=N 3 |Bjle(t)

j=k+1

ie., if o(t)=4(t), then Te(t) =< TY(t). Hence from |y(1)| = a+ T|y(1)|, we
obtain that

T|y(t)|= Ta+ T?|y(t)| = NKa + NKT|y(1)|
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i.e.
NKa  «
1-NK 1-NK

y(Ol=a+Tly()|=a+

Hence for t=s,

N
1-NK

ly(6)l= ly(s)l (10)

Let z(¢#) be a solution with initial condition z(f{,)e Z and let te
[t,.+0,t,..]. Then z(z) is a solution of the equation

2 =X()2(10)+ ¥ X(OX'(6+0)Bz(1)

since dz(t)/dt = A(t)z(¢) and
z(t,-+0)=X(t,-+0)z(t0)+zi: X(ti+0)X‘1(tj+0)§jz(tj)

= BX(1)2(10)+ T BX(1)X(5,+0) Ba(t) + Ba(t)

= Bz (t;}+ ﬁiz(ti) = (Bi + éi)z(ti)
Let se[t+0, ti,]. From the formula
k -~
z(s)=X(s)z(tx)+ ¥ X(s)X_l(tj+0)sz(tj)
j=1
we express z(t,) and in view of (I — P)z(t,) = z(t,) for t <s we obtain

z2(t)=X()(I-P)X '(s)z(s)— i X(t)(I—P)X_l(tj+O)I§jz(tj)

+ 3 XX (t4+0)Be(1)
= X()(I = P)X\(s)z(s)+ 5. X(1)PX™(5+0)Ba(s)
+ ¥ X()I-P)X'(1+0)Bz(1;)
m<j=sk

and deduce the inequality

(0= Nlz()|+ N T |Bllz(t)]
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The linear operator
k fd
Tie(t)=N ¥ [Bjle(t)
j=1
is monotone and, as for (10), we obtain that

N
1-NK

lz(t)| < |z(s)| for t=s (11)

Let x(t)=y(t)+z(t) be an arbitrary solution of equation (2) and let
se[t+0, t,]. From the formula

x(s)=X(s)x(tO)+_§ X(s)X 7' (1;+0)Bx(t;)

we express x(1,) and in view of (9) we obtain

¥(s)=X(5)Px(to) + 3. G(s, 5+0)By(z)

j=

=X (s)PX '(s)x(s) - i X(s)PX‘l(tj+0)1§jx(tj)
j==1

Jj=

+_\f X(s)PX'(;+0)By(1;)

ji=

+ °f X(s)(I-P)X '(1;+0)By(1)

j=k+1

=X (s)PX Y(s)x(s)— Zk: X(s)PX_‘(tj+0)§jz(tj)

j=1

+ Y X(s)(I—P)X"\(4;+0) By (s)

j=k+1

In view of (10) and (11) we deduce the inequality
k o .
y(s)|=Nlx(s)|+ N Zl |Bj||z(1)|+ N % l|Bj||y(t,-)l
i= j=k+

N’K N?*K

<N + +
o+ T O g

ly(s)l

2N’K
+~
()| sl

A

N
1-NK
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Hence

N

TNK —2N°k O

ly(s)|=

By (10)-(12) for t=s
N2
1- NK)(1— NK —2N?*K)

Iy(t)IS( [x(s)l

and for t=s

N N
ToNe POl=T g (KO +y(s))

N(1+ N~ NK -2N?K)

|z(1)|=

== NK)(1-NK—2N?K) )l
ie.,

[y(8)]= Ni|x(s)] for t=s=t,

|z()] =< Ny|x(s)]  for s=t=t,
where

_ _N(1+N-NK-2N°K)
'""(1- NK)(1- NK -2N’K)

Hence the perturbed equation (2) has an ordinary dichotomy on the
interval [#,, +0). I

Corollary 1. If the conditions of Theorem 1 hold, then the perturbed
equation (2) has an ordinary dichotomy on each subinterval [y, +0), 7, =
t,, as well.

Proof. Since conditions (4) are valid in the interval [7,, +00) as well,
then equation (1) has an ordinary dichotomy on the interval [7,, +00),
moreover, condition (8) holds. Then, by Theorem 1, the perturbed equation
(2) also has an ordinary dichotomy on the interval [ 7y, +©). W

Remark 2 (Milev and Bainov, to appear). In the classical case, if the
linear differential equation (without impulse effect) has an ordinary
dichotomy on the interval [#,, +o0), then it has an ordinary dichotomy on
each subinterval [ 7y, +), 7= t,, as well. For the linear impulsive differen-
tial equations the following phenomenon is observed. The equation may
have an ordinary dichotomy on the interval [f, +0, +c0) and have no
dichotomy on the subinterval [ £, +90). We illustrate this by the following
example.
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Example 1. Let t;,=1,i=0,1,2,..., and consider the linear impulisive
differential equation

%=Ax, t# 1
x(t;+0)= Bx(t;), i=1,2,
where
1 0 0 X 1 00
A=[{0 0 1], x=]|x|, B,={0 1 0|, B=I for i=2
0 00 X3 0 0 0

It is verified directly that the equation has an ordinary dichotomy on the
interval [0, +o) since the impulse at the moment ¢, crumples the “in-
appropriate” solutions. The equation has no dichotomy on any of the
subintervals [7, +0), 7> 1, because there the problem coincides with the
classical one and the eigenvalues of the matrix A with a zero real part are
not semisimple.

Lemma 1 (Milev and Bainov, to appear). Let 7, and 7 be fixed real
numbers in the interval [ £,, +00) and let the impulse matrices B;, i=1,2,...,
of equation (1) be nonsingular. If equation (1) has an ordinary dichotomy
on the interval [y, +c0) with a projector P(7,), then it has an ordinary
dichotomy on the interval [7,+o0) as well with a projector P(7)=
X (7)X (7o) P(70) X (10)X " (7).

Proof. For 7= 7, the assertion is obvious, since for t=s=71

X)X (r)P(1)X (1) X '(8) =X ()X (1) P(70) X (0) X "'(5)

and conditions (4) are fulfilled.
Let r < 7. By the Gronwall-Bellman inequality for |, €[ ¢, +0, ,,.1]

JTZ |A(0)| do

71

|U(r) U™ ()| =exp

Let t>s and te[t;,+0,#.,] and se[+0, t,.,]. Then the fundamental
matrix X (t) has the form
X()=U@)U  (t+0)BU(t)U ™' (1,,+0)
XBi_y...B Ut +0)U ' (5)X(s)
Hence

f

IX()X '(s)|=KKiy...Kj exp '[ |A(0)] d6

s

o
= KiKi—l e Kj+1 exp J IA(B)I do = K, t, S [T, To]
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where K, =max(|B,|,|B,'])=1. In the same way we prove that
| X (s)X ~'(t)]=< K. Hence for any t, s€[7, 7] the inequality | X (1) X ~'(s)| <
K holds. Without loss of generality, let K = 1.

If r=s<7,=¢ then

X ()X (r)P(r) X (1) X '(5)]
=X ()X (76) P(70) X (70) X "'(70) X (1) X ~'(s5)| = NK
If r<s=<it<my, then
IX()X ' (r)P(r) X(7) X (s)]

=|X ()X ()| NIX () X '(s)| = NK*
Hence for t=s=7,

IX()X Y (r)P(r)X (1) X '(s)|= NK*
In the same way it is verified that for s=t=1,

IX(O)X ()T -P())X(1)X ()| =NK*> W
As a consequence of Theorem 1 and Lemma 1, we obtain the following

assertion.

Corollary 2. Let the impulse matrices B; and B+ B,,i=1,2,..., be
nonsingular and let equation (1) have an ordinary dichotomy on the interval
[to, +0o0). If

) |l§i|<°°

i=1
then the perturbed equation (2) also has an ordinary dichotomy on the
interval [#,, +0).

Proof. There exists a number k so large that

L~ 1

2 BSNeN Ty
Since the impulse matrices B;,i=1, 2, ..., are nonsingular, then equation
(1) has an ordinary dichotomy with the same constant N on the interval
[t +0,+00) as well. Then by Theorem 1 the perturbed equation (2) also
has an ordinary dichotomy on the interval [# +0, +o) and by Lemma
1, equation (2) has an ordinary dichotomy on the interval [¢,, +c0) as
well. W

ACKNOWLEDGMENT

This investigation was supported by the Ministry of Culture, Science
and Education (Bulgaria), grant 61.



Linear Impulsive Differential Equations 653

REFERENCES

Coppel, W. A. (1978). Dichotomies in Stability Theory (Lecture Notes in Mathematics, No.
629), Springer-Verlag.

Elaydi, S., and Hajek, O. (1985). Exponential dichotomy of nonlinear systems of ordinary
differential equations, in Trends in Theory and Practice of Nonlinear Analysis, V.
Lakshmikantham, ed., North-Holland, Amsterdam, pp. 145-153.

Elaydi, S., and Héjek, O. (1987). Some remarks on nonlinear dichotomy and trichotomy, in
Nonlinear Analysis and Applications, V. Lakshmikantham, ed., Marcel Dekker, New York,
pp. 175-178.

Elaydi, S., and Hajek, O. (1988). Journal of Mathematical Analysis and Applications, 129,
362-374.

Elaydi, S., and Hijek, O. (to appear). Exponential dichotomy and trichotomy of nonlinear
differential equations.

Milev, N., and Bainov, D. (to appear). Dichotomies for linear impulsive differential equations
with variable structure.

Palmer, K. J. (1977). A diagonal dominance criterion for exponential dichotomy, Bulletin of
the Australian Mathematical Society, 17, 363-374.

Palmer, K. J. (1979a). Journal of Differential Equations, 33, 16-25.

Palmer, K. J. (1979b). Journal of Mathematical Analysis and Applications, 69, 8-16.

Palmer, K. J. (1982a). Journal of Differential Equations, 43, 184-203.

Palmer, K. J. (1982b). Journal of Differential Equations, 46, 324-345.

Palmer, K. J. (1984a). Journal of Differential Equations, 53, 67-97.

Palmer, K. J. (1984b). Journal of Differential Equations, 55, 225-256.

Palmer, K. J. (1987a). A perturbation theorem for exponential dichotomies, Proceedings of
the Royal Society of Edinburgh, 106A, 25-37.

Palmer, K. J. (1987b). Exponential dichotomies for almost periodic equations, Proceedings of
the American Mathematical Society, 101, 293-298.

Palmer, K. J. (1988). Exponential dichotomies, the shadowing lemma and transversal homo-
clinic points, in Dynamics Reported, 1, V. Kirchgraber and H. O. Walther, eds., pp. 265-306.

Sacker, R. J., and Sell, G. R. (1974). Journal of Differential Equations, 15, 429-458.

Sacker, R. J., and Sell, G. R. (1976a). Journal of Differential Equations, 22, 478-496.

Sacker, R. J., and Sell, G. R. (1976b). Journal of Differential Equations, 22, 497-522.

Sacker, R. J., and Sell, G. R. (1978). Journal of Differential Equations, 27, 106-137.



